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1 Abstract
This report introduces an approach to characterizing thermal and mechanical properties of viscous
liquids, by using a specific set up utilizing the coupling of a piezoelectric bulk modulus gauge (PBG)
and a thermistor placed on a transverse wire through the PBG. More specifically we are using this
set-up to investigate the temperature response to a pressure change of a supercooled liquid at the dy-
namic glass transition, as is also stated in the title. Physically this is achieved by applying a voltage
on the liquid filled PBG, causing a volume displacement, which then in turn creates a pressure differ-
ence in the sphere. The report includes an introduction to supercooled liquids, viscosity and the glass
transition. An introduction is also given to the energy bond formalism we use to derive a model for
the experimental system (expressed in circuit diagrams). Based on this we derive transfer matrices
that characterize the energy couplings of the thermodynamic, mechanical and electrical variables. Ex-
periments are conducted with an empty PBG, a liquid-filled PBG and the latter utilizing the special
conditions from the set-up with the thermistor and PBG coupling. From these experiments coupled
with some approximations and generalized modelling, we are able to characterize various properties
like capacitance and adiabatic compressibility. This data is used in conjunctionwith data determined in
previous research to characterize the inverse of the adiabatic pressure coefficient. A significant amount
of noise is detected in some experimental data. Also some unexpected development was detected in
the frequency dependence of temperature change (T ) and the inverse adiabatic pressure coefficient
( 1
S
). However - concurrent independent experiments that use the same equipment but in a different
manner show similar abnormalities in the data. This is indicating some ”exo-model” influence that we
have not accounted for. In spite of various abnormalities, the model is deemed viable for continued
development, due to consistency with other similar studies and results.
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2 Introduction
An understanding of phenomena like the thermodynamic critical point has spurred great success dur-
ing the last decade [Tanaka, 2010]. Some developments in the field of viscous liquids near the glass
transition has also gained great commercial progress, but despite several thousands years of experi-
ence with materials approaching the glass transition temperature, Tg , the glass transition is still not
fully understood [Tanaka, 2010]. The glass transition is a scientific area that has been the subject of
much research for many years and the efforts of this report seek to explore and aid in the progress of
this field.
For some time now, there has been ongoing debate on how best to characterize viscous liquids and
the glass transition [Ellegaard, 2006]. A standing obstacle has been the fact that the glass transition is
not a well defined point on a temperature/pressure index, like the melting-, boiling-, triple- or critical
point. Near the glass transition, the liquid becomes time dependent, whichmeans that the rate atwhich
you cool a liquid determines how and when the liquid enters the glass transition. Thermal properties
also change during the glass transition and this makes it hard to determine definite properties about
liquids in this state in general. It has classically been treated as a phase transition, in analysis. However,
since the glass transition does not describe structural rearrangements or a discontinuity in the phase
diagram, but merely the slowing down of dynamics, this idea has been contested [Ellegaard, 2006].
Recently, however, a new class of liquids, called Strongly correlating, was identified. It is characterized by
the term single ’order’ parameter which - simply put - means it behaves simpler than liquids in general.
By this parameter you can then asses if there is a single controlling element of a system. This recently
discovered property proves true for such liquids as Van der Waals and metallic liquids in computer
modelling and has furthermore recently been confirmed for a Van der Waals experimentally [D. Gun-
dermann, 2011]. It does not hold true for a number of other liquids, though. For hydrogen-bonded
liquids like water, for example, a single order parameter is not adequate, and this might explain some
of the peculiar properties of water [D. Gundermann, 2011]. Working with this class of liquids, could
simplify computations and analysis [T. Christensen, 2011] and then hopefully help reach more un-
ambiguous results. More unambiguous results could lead to a better understanding of the processes
around the glass transition.
To test if a liquid is single order parameter, the classical approach is to use the Prigogine-Defay ratio. An
alternative to the original Pirogine-Defay ratio has in recent articles been suggested [Ellegaard, 2006].
This proposed alternative claims frequency dependent thermodynamic variables to yield a dynamic
Prigogine-Defay ratio. This also seems to be in concordancewith the notion that viscous liquids display
time dependent behaviour, since frequency is defined in time (You see the unit of frequency [ f ] =
s 1 so large frequency correspond to short time period and short frequency to long time period). To
obtain the Prigogine-Defay ratio, you thus needways to deduce the thermodynamic variables of viscous
liquids that are relatively simple, reliable and precise. This has historically been a somewhat difficult
task [Dyre, 2006], and the work presented in this paper, serves as an attempt to contribute to these
efforts.
A custom device of IMFUFA, the piezoelectric bulk transducer (PBG), has previously been used to de-
scribe properties viscous liquids [Hecksher, 2011]. The device utilizes a piezo ceramic sphere covered
inside/outside by a conducting layer, creating two concentric spheres that essentiallymakes it a spher-
ical capacitor. Furthermore, a wire permeates the sphere creating a conduction path for a small ther-
mistor (a glass covered bead) placed in the center of the sphere. Filling the sphere with liquid you can,
by looking at an interacting relation between thermistor and sphere, relate mechanical and thermal
properties the liquid [T. Christensen, 2011]. You can use either the thermistor or the PBG as input by
applying an electrical signal. You can then measure the response of the corresponding element, and
treat this response as a direct consequence of the properties of the liquid.
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Figure 1: Image showing the piezoelectric bulk transducer, which has been invented at IMF-
UFA at Roskilde University, for measuring thermo-mechanical responses
With point of departure in the description in [T. Christensen, 2011] the endeavour of the following
chapters is to shed light on the measument and analysis of the organic liquid, 5PPE. In [T. Christensen,
2011] the approach is to measure an electrical signal on the sphere caused by the response of the liquid
due to thermal variations on the thermistor. The idea of this report is to do the exact opposite: measure
the thermal response of electric variations on the sphere. The advantagehere is that the same setup and
approach can be used. Nevertheless, different approximations and uncertainties should be expected
as the reverse process of the experiment provides somewhat different relations between input and
output.
2.1 Problem formulation
How can a temperature response in a thermistor due to a pressure change caused by a
voltage-induced volume displacement in the piezo electric bulk modulus gauge, charac-
terize properties of a viscous liquid?
2.2 Approach to answering the problem formulation
To produce a fulfilling answer to the research question, a number of different themes embedded in the
question, must be evaluated first. First we have to look into what the characteristic properties of vis-
cous liquids are in the first place andwhichwe can derive by using PBG?We also have to get a clear idea
about what the piezoelectric bulk gauge does, how it works and how experimental procedures are con-
ducted. Furthermore we need to analyse and evaluate howwe implement linear response theory, what
elements can be used and how we can justify that. Lastly, before going on to the investigatory part, we
need to figure out what viscous liquidwould be preferable toworkwith. The other part of ourworkwill
be associated with partly working out a model and partly conducting experiments. The main thought
with the model is that we can use to describe the liquid-pbg interface as done in [T. Christensen, 2011].
The idea is that this also will help us in deriving equations that we can utilize to characterize the liquid
and hopefully make some predictions in the outcome of the experiment. The experiment will help us
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verify properties of the liquids, determine constants and behaviour due to a number of different con-
ditions. The goal is ultimately to shape a method that ensures reproducibility and clarity in pursue of
steady results.
2.3 Target audience
The report is meant for researchers and students alike. As general knowledge pertaining to the glass
transition, super cooled liquids and response theory/networkmodelling in this field is relatively sparse
[Dyre, 2006], we have a general overview and description of these phenomena and methods. Also, be-
cause for most of us it is the first time we are dealing with relaxation, it is written in a manner where
people with limited knowledge of these areas will be able to follow. However, we also provide a new
and unique way to analyze viscous liquids, and this may be of interest to researchers interested in the
field.
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3 Materials and theory
3.1 Theory
In this chapter supercooled liquids and the glass transition will be described. To understand these
phenomenabetterwedescribe the basic principles viscosity and viscoelasticity,which can be described
through the Maxwell model.
3.1.1 Supercooled liquid
Usually a liquid is defined as ” a fluid which, if is placed in a closed vessel at once conforms the shape
of the vessel without necessarily filling the whole of its volume” [Harrison, 1976]. The first part of the
definition is what makes the difference between a liquid and a solid, because a solid will not take the
shape of the vessel. The second part makes it different then a gas, because the gas will immediately fill
the vessel.
When liquids are heated enough they will become a gaseous. This is a phase transition and happens
at a certain temperature for a certain liquid. If a liquid is cooled normally it crystallises at a certain
temperature, and this is also a phase transition called the freezing/melting point Tm. But when a liquid
is cooled quickly enough, the molecules do not have time to organise and crystallise, and therefore
they stay in the liquid form even below Tm. This is called a supercooled liquid. If a supercooled liquid is
cooled further the viscosity increases, and at somepoint the viscositywill be so high, that themolecules
in the liquid are no longer able to organize and relax at a reasonable time scale. This scale is arbitrary,
but is normally around 1000 seconds. The molecules are now in the same structure below the freezing
point as above the freezing point, but the matter is no longer fluid. It is said to be a glass. The point
where this happens is called the glass transition, Tg .
A material in the glass state is solid like the crystalline state. However, it lacks the long range order
found in the crystaline state, which in that respect makes it like materials in the liquid state.
Because the liquid is no longer able to relax at a reasonable time scale below Tg , a change happens
in some of the physical quantities of the liquid/glass, for example in the derivatives of volume, heat
capacity and the enthalpy.
When a liquid is cooled at adequately slow rates it crystallises at Tm, and at this point the volume of
the matter changes discontinuously [Dyre, 2006]. A supercooled liquid has the same slope (volume and
enthalpy) as the liquid, butwhen the supercooled liquid becomes a glass the slope changes and becomes
almost equal to the slope for the crystal, but the change here is continuous [Dyre, 2006].
Unlike the melting temperature Tm the glass transition temperature Tg is not a material constant,
because it is depending on how fast/slow the liquid is cooled. The glass transition temperature depend
on the cooling rate and a high cooling rate will result in a higher Tg than a low cooling rate. Though
the different cooling rates give different Tg , the range is not varying much, so it is meaningful to talk
about a well defined glass transition temperature when the cooling rate is between 0.1  100K=min.
[Hecksher, 2011] Sometimes the glass transition is defined as where the value of the viscosity,  , is
1012Pa  s. This is because at these moderate cooling rates this is roughly the value of the viscosity,
when the liquid falls out of equilibrium.
Figure 3 a) shows the enthalpy as a function of the temperature. There are two different cooling/heat-
ing rates, and we can see that the glass transition is lower, when the cooling rate is slower.
Figure 3 b) shows the heat capacity as a function of the temperature. The heat capacity is the derived
of the enthalpy with respect to the temperature.
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Figure 2: The volume as a function of the temperature. By cooling a liquid it becomes either
a crystal or a glass (glass is fast cooling and a crystal by cooling slowly). [Jesper
Heebøll-Christensen, July 2007]
Figure 3: a) The enthalpy and b) the heat capacity as a function is the temperature. There
are two different cooling and heating rates, A and B. Modified from [Dyre, 2006]
In both figures it is clear that there is a difference in the graph of cooling and heating, even though it
happens at the same rate. This is caused be the hysteresis effect. Hysteresis is irreversibility and hap-
pens because a material changes when it has been cooled or heated. At the glasstransition there are
still thermal vibrations between the molecules even though the ”molecular motions virtually ceases”.
When a glass is reheated the structure relaxes slightly before Tg is reached. [Dyre, 2006] This means
that the glasstransition is irreversible and the hysteresis effect is associated with the glasstransition.
There is a difference between how easily differentmaterials crystallizes or glasses. Somematerials, like
water, crystallize very easy even if they are cooled very fast, and are therefore very difficult to make
glasses of. But materials, like polymers, often have very complex and long molecular structures and
therefore do not crystallize very easily. These materials are good glass makers.
A supercooled liquid is not in equilibrium, and the time is takes for the molecules to relax called the
relaxation time, , which we will see from Maxwell’s model given by:
m =

G1
(1)
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G1 is the instantaneous (infinite-frequency) shear modulus. G1 varies inversely with temperature,
and for most liquids the value of G1 is found to be around 109Pa=s at Tg . Inserting G1 and  to Equa-
tion 1 we see, that with a G1 = 109Pa=s and a viscosity = 1012Pa we get a relaxation time  of 1000
seconds. However, the temperature dependency of, which increases with decreasing temperature, is
even more important for  and we will use this in our experiment.
For the experiment we have to choose a liquid that is suitable. That means that it has to be a liquid
that is a good candidate to become a glass, and avoid crystallization when it is cooled. It has to be a
liquid that does not crystallise easily, since we are measuring properties of high viscosity limit, and
crystallization thus would ruin the experiment.
The liquid has to be viscous enough at room temperature to get it into the PBG but at the same time
the glass transition point should not be too low since this would complicate things experimentally. A
liquid with glass transition point just around 250K allows low enough viscosities at room temperature
for insertion to the PBG. The liquid 5PPE is often used for experiments of studying supercooled liquids
and the glass transition because it does not change much over time, like other liquids because they
absorb moist from the air. Also, previous experiments with the PBG utilizes this same liquid, making it
ideal for comparison.
3.1.2 Viscosity and viscoelasticity
Shear stress  occurs when a force F works tangential on area A
 = F=A (2)
The unit of shear stress is Pa.
Figure 4: When a material is affected by a tangential force F , shear strain occurs.
When a material is affected by a shear stress it will cause a shear strain, , which is the correlation
between the deformation in the x-direction and the y-direction.
=
x
y
=
dx
d y
(3)
In a completely elastic material that is affected by a tangential force, the relation between shear stress
 and shear strain  will be
 = G (4)
where G is the shear modulus. This can be compared to Hook’s law, which is the law for the movement
of a spring.
The viscosity is an expression for the internal friction in a liquid. In everyday terms it is an expression
for the thickness of a liquid - it could be described as the liquids ability resist flow. The viscosity is denoted
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as  and defined as following. When a liquid is placed between two parallel plates, that are moving
relatively to each other with velocity v, the force needed to sustain this movement is given by
F = vA=d (5)
where A is the area of the plates, and d is the distance between them. [Dyre, 2006]
This can also be written as
 = ˙ (6)
Where ˙ is the rate of shear.
Figure 5: The velocity gradient in a material between two plates with area A moving in
proportion to each other.
The rate of shear is the change in deformation in the x-direction per time per deformation in the y-
direction.
˙=
dvx
d y
(7)
Where dvx is deformation in the x-direction per time dvx = dx=d t .
The viscosity of a liquid is found to be dependent on both temperature and pressure.When the temper-
ature is decreased the viscosity increases, and for most liquids the viscosity increases markedly, when
pressure is applied.
What we normally associate with a liquid, when a shear is applied is viscous flow. When the time of
deformation is comparable to the time it will take the molecules to diffuse to a new equilibrium the
material is elastic and not viscous. But in the region where the response changes from being purely
viscous to purely elastic, or the other way around, the liquid has both viscous end elastic properties
and is said to have viscoelastic behaviour. These are liquids that have both liquid-like and solid-like
behaviours.
A viscoelastic material posses both elastic and viscous properties. The Maxwell model is used to de-
scribe a viscoelastic material.
3.1.3 The Maxwell model
The Maxwell model combines the properties of both a solid and a liquid. It consist of a dashpot, that
represents the viscous properties and a spring that represents the elastic properties.
TheMaxwell’s model is a serial connection and therefore the imposed shear stress is equal to the shear
stress of each component:
 = d = s (8)
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Figure 6: The Maxwell model for viscoelastic materials. At high frequencies the dashpot is
dominants and at low frequencies the damper is dominant.
where subscripts d and s respectively, correspond to the dashpot and the spring.
The resulting strain and the strain of the components are given by:
= d + s (9)
In each of the components the relation between stress and strain is seen as:
for the dashpot = ˙d (10)
for the spring = Gs (11)
where ˙d is the rate of extension of the dashpot and s is extension of the spring. We can also define
the rate of extension of the spring by ˙s =
˙
G
. The combination of the two elements is given by
˙ = ˙d + ˙s (12)
˙ =
˙
G
+


(13)
This equation can of course be used for both solids, where  =1, and for liquids, where ˙ = 0. The
ratio 
G
is time dependent and often referred to as the Maxwell relation time m.
We rewrite and specify Equation 13
d
d t
=

d t
1
G
+


) (14)
d
d t
 =

d t

G
+ (15)
If we now take into account that the stress and strain are frequency dependent 0 = ei!t and 0 =
ei!t , we can also define the rate of these properties
d0
d t
=
dei!t
d t
=
ei!t i! = i!0 (16)
d0
d t
=
dei!t
d t
=
ei!t i! = i!0 (17)
and from equation 15 we get
i!= i!

G
+ (18)
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and define the frequency dependent shear modulus G(!) [Harrison, 1976]
G(!) =


=
i!
1+ i!m
(19)
At high frequencies!!1 the shear modulus is equal to G1 and at low frequencies!! 0 the shear
modulus is equal to i!.
If the angular frequency is getting very small, G(!! 0) = i!, the viscous properties of the liquid is
significant and thematerial behaves as a liquid. In the high frequency limit, when G(!!1) = G1, it
means that it is only the elastic properties of the liquid that is significant, and thematerial behaves as a
solid. This is an important property to be aware ofwhen experimentingwith the frequencydependency
of viscous liquids and will be useful when analysing the experiment in this report.
3.2 Thermal and mechanical wave
An account of the wave theory connected to the physical responses of the system is beyond the scope
of the work presented here. Nevertheless, a few things are worth noting about thermal and mech-
anical waves and their properties. A noticable point is the speed, v, at which they are distributed.
The most important thing here is to realize that for all practical purposes of our measurements, then
vthermal  vmechanical . The mechanical waves are governed by the propagation speed of sound waves.
The speed of sound, s, is density dependent and thus both on temperature and medium. We have no
definite measurement of the speed of sound in 5PPE. However, looking at the speed of sound in ordin-
ary materials like iron (5120m=s) and water (1484m=s) at room temperature, we find it reasonable
to think that the speed must be in the order magnitude 103m=s. We have not derived the speed of
theremal waves in viscous liquids, but for our purposes, it will suffice to say that its of an order mag-
nitude much smaller than mechanical waves.
3.3 Energy bond formalism
Physical interactions involving exchange of energy can be described as the product of two conjugated
variables, the effort e and the flow f . [Christensen, spring 2011 *class note] In most configurations one
of these two variables can be considered the input and the other, the output. The defining character
of these variables is that the product of the pair of flow and effort yields an energy per time unit - or
watts. In infinitesimal scale computations, if the input variable is changed, there is an approximately
linear response from the output.
These properties are used to model physical situations by describing the different energy interactions
of a system. The model takes the form of the circuit diagram, where lines represent the bonds of en-
ergy that connect the physical interactions and various components describe the physical responds to
the influence of the energy interactions. Components are determined via corresponding response ana-
logues to standard electrical components. In this fashion one might for example model the mass of a
mechanical component as an electrical inductor, or the thermal heat capacity as an electrical capacitor.
Efforts and flows are discernible by the time reversal principal. The efforts of the system are characterized
by independence of time reversal. From this follows that the effort does not change sign depending on
which way you consider the direction of energy transfers. The opposite holds true for the flows, for
which you have to change the signs according to the direction of the flow. This means that the flow
in one direction equals the negative flow in the opposite direction. Thus the flows are labelled with
arrows and the efforts are labelled with vertical lines on the energy bond. This could be exemplified
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with two ordinary flow and effort variables, namely velocity and force (product : watts!). The flow, in
this case, would be the velocity, as this parameter has to have direction and thus would be reversed
by the reveral of time. Force, on the other hand, could be stationary and thus would not be affected by
the reversal of time.
3.4 Response functions in thermal dynamics
Typical thermal dynamic linear-response coefficients have the form ( a
b
)c , which can be interpreted
as when we hold the variable c constant, how much a is changed when b is changed by one unit. For
the variables a, b, and c we can choose from (T , S, p and V ). [T. Christensen, 2008] Then there are 24
ways to combine those variables, because of symmetry of a and b, 12 can be discarded. Also Maxwell’s
relations take out 4 independent ones. Now there are 8 left, and they are
cV  TV (
S
T
)V Isochoric specific heat (20)
cp  TV (
S
T
)p Isobaric specific heat (21)
T   1V (
V
p
)T Isothermal compressibility (22)
S   1V (
V
p
)S Adiabatic compressibility (23)
p  1V (
V
T
)P =  1V (
S
p
)T Isobaric expansion coefficient (24)
S   1V (
V
T
)S =
1
V
(
S
p
)V Adiabatic contraction coefficient (25)
V  (pT )V = (
S
V
)T Isochoric pressure coefficient (26)
S  (pT )S = (
S
V
)p Adiabatic pressure coefficient (27)
(28)
This shows that all the response coefficients can be given in terms of a quantity per volume. It is also
possible to correlate the eight response coefficients to the previous definition of energy bonds. Inside
the eight response coefficients there are two discernible sets of energy bonds, which correspond to a
thermal set and a mechanical set. The thermal set is defined in temperature drop and entropy flow
(T, S˙), and the mechanical set in pressure drop and volume flow (P, V˙ ). This helps to distinguish
the response coefficients into two other groups: auto response functions, where the ratios only take
conjugated variables from one energy bond, and cross response functions, where the ratios take con-
jugated variables from both energy bonds.
We are interested in getting some results in both auto and cross response functions. This means we
can relate thermodynamic variables and thus find measures of coefficients as presented in (x) - (y).
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4 General model and response matrix
In this section, the focus is turned to the utilization of the Piezoelectric Bulk modulus Gauge (PBG),
which is a custom IMFUFA device. A drawing of the PBG is made in Figure 7. This device has been
made to characterize viscous liquids and can be used to show the coupling between voltage change and
temperature variation. An analogue electric model for the PBG has been developed in [T. Christensen,
2011]. We will adapt this model, but will approach it reversely in order to model the specifications of
our experiment. Based on the reversedmodel we can apply a custom calculation for the transfermatrix
between the electrical energy bond and thermal energy bond.
Figure 7: A drawing of the piezoelectric sphere (PBG). On the right, a part of the cross sec-
tion of the PBG sphere is shown.
Adapted from [T. Christensen, 2011] and [Hecksher, 2011]
4.1 Experiment set up in general
The different experiments we are going to do have similar set ups around the PBG. Except for the first
calibration experiment, with an empty PBG : Liquid is filled into the sphere, and the PBG is connec-
ted to an alternating voltage source. Then a number of measurements are done simultaneously. In the
following we will introduce the structure of the PBG and its working environment, so as to help un-
derstanding the electric diagram model. The detailed experiment set up for each experiment will be
talked about in the section 6.
4.1.1 PBG
The PBG is a spherical shell. The shell is covered with a thin metal layer on the inside and the outside,
creating two very thin concentric spherical shells. These are labelled electrodes in Figure 7. Between
these two ”plates” there is a piezoelectric ceramicmaterial (pz29).[T. Christensen, 2011] Sincewewant
to derive properties of a liquid - liquid is filled into the PBG. Quantities that are directly or indirectly
related with the liquid can then be measured. In order to be able to measure the temperature inside
the liquid, a thermistor is placed on a radially perforating wire in the center of the sphere. It is used as
a way of measuring the varying temperature at the center of the sphere, while the sphere is deformed
as a result of the applied alternating voltage to the electrodes.[Hecksher, 2011]
For technical reasons the PBG is foremostly used formeasuring liquids near the glass transition.Wewill
also focus on its usual application at around the glass transition. To achieve this, a custom operational
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set-up is added around the PBG. A cryostat makes low cooling possible by using liquid nitrogen to cool
down and a copper coil is used to balance the cooling. The PBG itself, is attached to a rod that carries
four wires that connect to the electrodes of the PBG and the thermistor.
The purpose of the piezoelectric bulk transducer itself can be manifold, depending on the contention
one approaches the devicewith. The device is essentially a spherical capacitorwith a thinmetal coating
covering either side of a piezoelectric layer. The two metal layers work as the plates in a capacitor
and thus upon application of a potential difference on the coating layers, an electrical field will be
created across the surface of the piezoelectric material. This will cause a mobility change in the charge
carriers of the piezoelectric material, which in turn will cause a net volume change in the sphere. The
deformation of the sphere will ultimately cause a changed pressure inside the sphere. This, in spite
the fact that the sphere has an open liquid pipe (for liquid insertion) in the top. If an adequate degree
of viscosity is obtained in the liquid, the liquid will prove too viscous to ”penetrate” the opening. Now
a constant spherical symmetry can be approximated for the system and the volume increment, V ,
will only depend on the radius, r . It also means we obtain a more trivial relation with respect to the
pressure, which would otherwise have to take in account as the pressure decrease that would occur as
a consequence of the pipe. (If we were evaluating a free flowing liquid, the pipe would allow constant
pressure, as an incremental volumeexpansion could extent to thepipe, but the viscous liquid behaviour
could not allow this generalization.)
When the sphere is filled with liquid, the volume change and the implied pressure change inside the
sphere will result in a temperature change in the liquid. We measure this temperature fluctuation in
the middle by a wire placed radially through the sphere with a resistor in the middle. By running a
current through the wire, it is possible to monitor the temperature as a function of resistance, know-
ing that the resistance in the thermistor is temperature dependent. The resistance of the thermistor is
measured indirectly. It is connected in series with a known resistor and constant voltage source. The
voltage drop across the thermistor is measured by a volt-meter. Thus it is possible to calculate the res-
istance of the thermistor. In total, we give a new name to the system that includes the known resistor,
the voltage source and the volt-meter. This will be called the thermal meter ”T”. Below we will use
the approximation that the thermal meter is ideal, which means there is no energy flow between the
thermal meter and the thermistor.
There are a number of noise signals and uncertainties in the energy flow, that we intend to address to
the best of our abilities. A few of them are:
1. The piezoelectric material has a kind of ”memory” which the previous operation on the PBG can
affect its property a bit.
2. The temperature in the PBG may be affected by the increase in temperature the resistor experi-
ences, as the current is flowing through it.
4.2 Electric diagram model
An electrical model that is analogue to the mechanical and thermal situation induced by the PBG, is
given in the article ”A combined measurement of thermal and mechanical relaxation”[T. Christensen,
2011]. This will be used as the basis to portray the experiment set up of this report. However, it is
handled in a reverse perspective in order to fit the realization of the experiment presented here. Thus
we take the previously existing model and arrange it opposite to the presentation in [T. Christensen,
2011], see Figure 8. Furthermore, we will change some symbolic representation as we see fit. For in-
stance, here we use the energy bond temperature and entropy flow (T, S˙) instead of the temperature
and power flow which is introduced in [T. Christensen, 2011].
What follows is a step wise walk-through of the diagram, but first a number of things should be noted.
First, the model from [T. Christensen, 2011] is not obtained directly from the mechanical and thermal
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Figure 8: Electricmodel of the PBG filledwith liquid, as well as a thermistor inside, adjusted
from [T. Christensen, 2011]. The energy bond (e1, f1) is denoted by a ”1” in the
figure; (e2, f2) by ”2” and to forth. The dot in the corner of each transducer shows
in which direction the transfer should be considered.
movement. It is obtained after some complicated calculations and approximations [T. Christensen,
2008]. An accept of thismodel is implied in the following chapters, so the focus is on the experiment and
calculations of the response coefficients. Second, the diagram is separated in a number of sections. The
dashed diagonal lines, represent the different physical representations in our measurements, namely
the PBG, the liquid and the thermistor, as the figure states. The close circuit describe the physical en-
ergy forms. Third, the orientation of flow is shown with arrows in Figure 8, and we will keep with this
orientation through all the calculation. Therefore, if sometimes we need to calculate against the flow,
then a minus sign is added to the flow. Fourth, in an electric diagram we care about the effort (poten-
tial) and flow, so we give marks to some places where the two quantities may change, and there are
eight in total.
Let us look at the diagram in detail. Since we have marked the eight places, we will introduce them
from one to eight.
1. In the model, the vertical line labelled 1 is an electrical energy bond with the conjugated vari-
ables (Upz , Ipz), where Upz is the same as the voltage generated from the source, that results in
a current Ipz from the source.
2. This also represents an electrical energy bond, and its corresponding conjugated variables. The
conjugated variables are (Upz , I2), where I2 is smaller than Ipz . Between 1 and 2 one will notice
a capacitor Ce that models the electrodes and the dielectric property of the PBG sphere.
3. The transducer Tpz changes the electrical energy at 2 to a mechanical energy bond (Ppz , V˙pz)
at 3, where Ppz is the pressure of the PBG sphere and V˙pz is the rate at which volume is swept
from the inner shell. For the transducer, Tpz = PpzUpz
4. Here the energy bond is defined as (Pl iq, V˙l iq). Pl iq and Vl iq refer to the pressure variation
amplitude and volume of the liquid, respectively. Cm models the elastic property of the piezo-
electric material.
5. The fifth part, (Pl iq, V˙th), is the last step before energy will be converted to thermal energy.
Energy is stored as potential energy through the capacitor, Vl iqS , where S is the adiabatic
compressibility of the liquid.
6. The transducer 1
S
converts the mechanical energy to thermal energy through 6 (Tl iq, S˙l iq)
where T is the temperature variation amplitude of the liquid and S˙l iq is the entropy flow into
the liquid. The transducer has the relation 1
S
= T
P
.
7. Through 7 the thermal energy (Tth, S˙0) flow into the thermistor. C0 is the heat capacitance of
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the thermistor and . S˙0 is the entropy flow into the thermistor. Before 7 free energy (which is
the ability of the system to do work) is consumed by the thermal impedance Zl iq of the liquid.
8. The thermometer has the same temperature as the thermistor, so8has energybond (Tth, S˙th),
particularly the entropy flow to the thermal meter is zero.
4.3 Response matrix for the general model
As a total response, we want to get the temperature of the thermistor / thermal meter as a function of
the voltage applied. The mathematics involved is simply matrix multiplication, based on the electric
model in general and the transfer matrix for every basic component. Nevertheless, that will lead to a
very long expression of the transfer matrix. Therefore, at the same time, we will turn to the physical
realization to make the calculation more user-friendly and usable. Also for the simplicity in the cal-
culation, we want to write the general transfer matrix in such a way, to take advantage of S˙th = 0:
Upz
I

= D18

T
S˙th

(29)
where D18 is the transfer matrix in general, where the subscript 18 refers to the eight steps explained
in the preceding chapter. Sth is the entropy flow into the thermistor. Since we have the transfermatrix
from 8 to 1, we will need to calculate against the flow. Before we decide on the orientation we need to
be careful adjusting the direction of flow and the transfer ratios.
4.3.1 Three basic components
There are only three basic network elements, involved in the translation from model to matrix (see
Figure 9). These are: the component with admittance Y connected in parallel, the component with
impedance Z connected in series, and the transducer T . It is helpful now to get the transfer matrix for
each of the three elements to prepare for the calculation of the general matrix. Here we define all the
energy bonds in the general form (e, f ).
Figure 9: Three basic ways of arranging the elements in an electric circuit, where the elec-
tric component in Figure (a.) has admittance Y , the electric component in Figure
(b.) has admittance Y , and the transducer in Figure (c.) has transfer ratio T .
By Kirchorff’s law we can build equations that relate the effort and flow in the electric circuit. For
Figure 9a from energy bond (e1, f1) to (e2, f2) the transfer matrix is
e2
f2

=

1 0
-Y 1

e1
f1

(30)
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For Figure 9b from energy bond (e1, f1) to (e2, f2) the transfer matrix is
e2
f2

=

1 -Z
0 1

e1
f1

(31)
For Figure 9c from energy bond (e1, f1) to (e2, f2) the transfer matrix is
e2
f2

=
0B@ T 00 1
T
1CAe1f1

(32)
Those three basic transfer matrices will be referred frequently later on.
4.3.2 Response matrix in two parts
The transfer matrix D18 can be composed with multiplication of several matrices in many ways. From
Figure 8 we will construct the general matrix in one such way. We observe a repetition in the pattern
arranging electric components, and they are shown in Figure 10. They have the form in Figure 11.
Therefore, we can just calculate the transfer matrix D14 from energy bond (e4, f4) to (e1, f1) and write
the matrix only with admittance Y , impedance Z and the transfer ratio T . The same matrix can then
be applied to D47 from energy bond (e7, f7) to (e4, f4) as is done in D14 . Then the total transfer matrix
can be expressed as D18 = D14 D47 D78.
Figure 10: Electric model of the PBG and liquid for comparison, adjusted from
[T. Christensen, 2011].
Figure 11: Electric model that the PBG and liquid can be describe in that same way from,
adjusted from [T. Christensen, 2011].
The transfer matrix from energy bond (e7, f7) to (e4, f4) is a relay of basic transfer matrices D67, D56,
and D45. They have the relation:
D47 = D45 D56 D67 (33)
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We can use the results from Figure 9, 9a representing D45, 9b representing D67, and 9c representing
D56. Therefore we get the following relations:
e4
f4

= D45

e5
f5

=

1 0
-Y 1

e5
f5

(34)
where (e4, f4) is (Pl iq, V˙l iq), (e5, f5) is (Pth, V˙th), and Y is i!Vl iqS .

e6
f6

= D67

e7
f7

=

1 -Z
0 1

e7
f7

(35)
where (e6, f6) is (Tl iq, S˙l iq), (e7, f7) is (T, S˙0), and Y is Zl iq.

e5
f5

= D56

e6
f6

=
0B@ T 00 1
T
1CAe6f6

(36)
where (e5, f5) is (Pth, V˙th), (e6, f6) is (Tl iq, S˙l iq), and T is S
Now insert the expressions of D67, D56, and D45 into Equation 33, we get
D47 =
0B@ T1 -Z1T1-Y1T1 Y1T1Z1+ 1T1
1CA (37)
where Y1 = i!V2S , T1 = S , and Z1 = Zth.
Then similarly,
D14 =
0B@ T2 -Z2T2-Y2T2 Y2T2Z2+ 1T2
1CA (38)
where Y2 = i!Ce, T2 = 1Tpz , and Z2 =
1
i!Cm
.
4.3.3 Approximation applied
The approximation we are going to use is adapted from article[T. Christensen, 2011] where we get our
general electrical model, and it has the limit:
j Z1Y1T21 j 1 (39)
It is derived by analysis of the boundary conditions in spherical geometry [T. Christensen, 2008]. The
limiting factor of the approximation is called the ”thermally thick limit” and is the situation where 1)
r1 r2 (40)
where r1 is the radius of the outer concentric sphere and r2 is the radius of the inner concentric sphere.
Since we are measuring the response of the thermistor to stimulus on the PBG, the radius of the PBG
will correspond to r1(= 1cm) and the radius of the thermistor will correspond to r2(= 2mm). We take
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this to satisfy r1  r2 for this purpose. (In the article where this limit is stipulated, [T. Christensen,
2008], r2 is the outer and r1 is the inner radius.) The other condition that governs the approximation
is:
lD  r1 (41)
where lD is the heat diffusion length. It is given by lD 
q

cl s
, where  is the heat conductivity, cl is the
longitudinal heat capacity and s is the complex Laplace frequency.
lD =
È

!, cl
(42)
lD =
r
0.13
10 3  1.75  106  2 ' 0.0034m= 3.4mm
Although this value for lD is only about a third of r1(= 1cm) it might not under normal circumstances
satisfy lD  r1. However since lD is exponentially decaying we take the approximation to be valid.
Applying this approximation to Equation 37, we have:
D47 =
 T1 -Z1T1
-Y1T1 Y1T1Z1+ 1T1

=
0B@ T1 -Z1T1-Y1T1 Y1Z1T21 + 1T1
1CA'
0B@ T1 -Z1T1-Y1T1 Y1Z1T21T1
1CA (44)
=

T1 -Z1T1
-Y1T1 Y1Z1T1

= T1 

1 -Z1
-Y1 Y1Z1

(45)
then we can use the simplified expression of D47 for later calculation.
4.3.4 The general transfer matrix after calculation
With the expression of D47 from Equation 45 and that of D14 from Equation 38,
also for D78, it is just 
e7
f7

= D78

e8
f8

=

1 0
-Y3 1

e8
f8

(46)
where (e7, f7) is (T, S˙0), (e8, f8) is (T, S˙th), and Y3 is i!C0.
Now we are ready to calculate D18.
D18 =D14 D47 D78 =
0B@ T2 -Z2T2-Y2T2 Y2T2Z2+ 1T2
1CA T1 1 -Z1-Y1 Y1Z1



1 0
-Y3 1

(47)
=T1
 T2+ Y1T2Z2 -Z1T2  Y1Z1T2Z2
-T2Y2  Y1Y2T2Z2  Y1T2 Z1Y2T2+ Y1Z1T2Y2Z2+
Y1Z1
T2



1 0
-Y3 1

(48)
Since we have the relation

Upz
I

= D

T
S˙th

and S˙th = 0,
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the entropy flow is zero at the boundary of our model, through the ”thermal meter” (T), and we can
simplify the proceeding calculations. Thatmeans we only need the entry D11 at the 1st column-1st row
of our transfer matrix.
D11 = T1T2(1+ Z1Y3)  (1+ Y1Z2) (49)
Now we can insert symbolic values into Equation 49:
D11 =
S
Tpz
(1+
Vl iqS
Cm
)  (1+ i!C0Zth) (50)
Therefore,
Upz
T
=
S
Tpz
(1+
Vl iqS
Cm
)  (1+ i!C0Zth) (51)
If we use the values given in the articles [T. Christensen, 2011] and [Bo Jakobsen, 2010], we can estimate
the temperature fluctuation amplitude
T =
Upz  Tpz
S(1+
Vl iqS
Cm
)  (1+ i!C0Zth)
(52)
when the input voltage amplitude is Upz = 7Vol t , the temperature fluctuation is about T = 1mK at
1Hz.
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5 Analytical approaches to get the response coefficients
It is obvious from Equation 51 that we need S before calculating S , so in this chapter we will present
the analytical process for obtaining the two coefficients. The numerical results will be given in chapter
6.
Electric model of PBG and liquid
Wehave taken the analogous electricalmodel (Figure 12) for thePBGwith liquid from thepaper[Hecksher,
2011]. In the electric model of the PBG, we can see that in order to get the compressibility of the liquid,
we need to know the parameters describing the PBG sphere, for example, the values of Ce and Cm. Thus
two experiments are needed to be performed - an experiment with an empty PBG and an experiment
with liquid filled in the PBG. From the non-liquid experiment, parameters describing the PBG sphere
are fixed; from the liquid-filled experiment the information for calculating the compressibility of the
liquid is measured.
When the PBG sphere is empty, air can flow freely in and out, and the electric model is like in Figure 12
but short circuit the component Cl iq. When liquid is filled the model will include Cl iq, which describes
the elastic property of the liquid. The PBG model is slightly different from the PBG part in the general
model given in section . Here, The PBG model is more elaborated, since a resistor R and inductor L are
added to represent the friction and mass of the PBG. However, these elements are not needed in this
part.
Figure 12: Electric model of the PBG filled with liquid, adjusted from [Hecksher, 2011].
5.1 Fixing parameters
Themethod used for determining parameters is by large the same as described in the paper[Hecksher,
2011].
The data from our experiment directly give the total capacitance of the PBG, and this total capacitance
can be expressed in parts. Generally the admittance (1=Ztotal) ”seen” from the port on the left can be
expressed as:
1
Ztotal
=
1
Zelec t r ical
+
1
Zmechanical
(53)
where (1=Zelec t r ical) is admittance of (Ce) and (1=Zmechanical) is admittance of the rest.
Since Ztotal = 1=(i!Cemp), Zelec t r ical = 1=(i!Ce).
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Then the equation above becomes:
i!Cemp = i!Ce +
1
Zmechanical
(54)
The impedance of the mechanical part can be found by looking at the ratio between the voltage U and
current I at the left side of the transformer. The transformer with the transformer ratio T , changes
the energy bond on the left (U , I) to the bond (TU , I
T
). Then we know that, in the right loop, the effort
generated is " = TU and the total flow is Ir = IT . In addition, the total resistance in that circuit is
Rri ght =
1
i!Cm
+ R+ i!L. From " = Rri ght Ir , we get
TU = (
1
i!Cm
+ R+ i!L)
I
T
) Zmechanical = UI =
1
T2
(
1
i!Cm
+ R+ i!L) (55)
Now combining Equation 54 and Equation 55 we have the following relation:
Cemp = Ce + T
2 1
1
Cm
+ i!R !2L (56)
We can approximate the values of Ce and Cm at certain frequency limits. For!!1, the resistance and
inertial terms become so large that the movement of the PBG is prevented. This value of the measured
capacitance is named Ccl ; for!! 0, the value is named C f r due to the PBG shell being free to move.
According to Equation 56 the two limits are:
Ccl = Ce !!1 (57)
C f r = Ce + T
2Cm !! 0 (58)
If we plot the capacitance of the empty PBG against the frequency, we can read the two values directly,
which are the capacitance values when!!1 and!! 0.
Wewant to compare this hypothesis to themeasured values we retrieve from our experimental efforts,
by creating a so called ”fitting program”, in the matrix software MatLab. However, before fitting to
data, the parameters in Equation 56 are converted by a new set of parameters that are more easily
traced in the capacitance against frequencyplot. Thenewparameters are, the free capacitance, C f r , the
clamped capacitance, Ccl , the resonance frequency,!0, and, the quality factor,Q. Here the resonance
frequency and quality factor are defined as:
!0 =
r
1
LCm
(59)
Q =
1
R
r
L
Cm
(60)
Then Equation 56 can be written as:
Cemp = Ccl +
C f r   Ccl
1+ i !
!0
1
Q
  ( !
!0
)2
(61)
which will be the theoretical function where we fit the parameter values C f r , Ccl ,!0, andQ.
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5.2 formula for S
The approach for deriving an expression for S is as follows. First, measure the capacitance of liquid-
filled PBG sphere, C f il l , whose expression contains Cl iq. Second, find the stiffness Sl iq = 1=Cl iq (where
some calibration work is done to have a expression of stiffness). Third, get the compressibility S from
the stiffness.
Expression for C f il l
In the same way as we derive the expression for the capacitance of the empty transducer (Cemp), we
can get the equation for C f il l . Since the liquid component is added to the mechanical/right side, the
impedance is changed into:
TU = (
1
i!Cm
+R+ i!L+
1
i!Cl iq
)
I
T
) Zmechanical = UI =
1
T2
(
1
i!Cm
+R+ i!L+
1
i!Cl iq
)
(62)
Then C f il l becomes:
C f il l = Ce + T
2 1
1
Cm
+ i!R !2L+ 1
Cl iq
(63)
If we apply the same replacement for the parameters, Equation 63 is written as:
C f il l = Ccl +
C f r   Ccl
1+ i !
!0
1
Q
  ( !
!0
)2+ Cm
Cl iq
(64)
Isolate Cl iq
What we really care about in Equation 64 is information about the liquid. The liquid capacitance Cl iq is
related to its compressibility, so we want to isolate Cl iq from Equation 64.
Cl iq = Cm 

C f r   Ccl
C f il l   Ccl   1  i
!
!0
1
Q
+ (
!
!0
)2
 1
(65)
The parameter Cm is not easy to find, but from Equation 60 we find that Cm = 1L!20 , where!0 can befixed and L can be obtained in the way we will introduce later. Thus, Cl iq can be written as:
Cl iq =
1
L !20


C f r   Ccl
C f il l   Ccl   1  i
!
!0
1
Q
+ (
!
!0
)2
 1
(66)
For clarity we define the dimensionless term C f r Ccl
C f il l Ccl as
1
F
,
Cl iq =
1
L !20


1
F
  1  i !
!0
1
Q
+ (
!
!0
)2
 1
(67)
Notice that the term C f r Ccl
C f il l Ccl includes the quantities C f r , Ccl , and C f il l that should come from the
liquid-filled PBGmeasurement. Judging from Equation 63, C f r and Ccl have the same values as in Equa-
tion 57 and 58 when the frequency goes to infinity and zero, so the fixed values for C f r and Ccl from
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empty PBG can be put directly into 1
F
. However, the experiment data tells us that C f r and Ccl are fre-
quency dependent, and if we assume they have the same frequency dependence f (!), then the term
F becomes
F =
C f il l(!)  Ccl  f (!)
C f r  f (!)  Ccl  f (!) =
C f il l(!)=(C f r  f (!))  Ccl=C f r
1  Ccl=C f r (68)
The uncertain part in F is the term C f r  f (!), and now assume the frequency dependent term f (!)
is the same in both measurements with or without liquid filled in PBG. Thus, C f r  f (!) = Cemp(!),
F =
C f il l(!)=(Cemp(!))  Ccl=C f r
1  Ccl=C f r (69)
Self induction L
From the definition of self inductance, it is the ratio between generalised voltage U and charge accel-
eration I˙ . By the formalism of the analogous electrical model for the mechanical systems in our exper-
iment, the self induction should be the ratio between pressure difference p and volume acceleration
¨V .
L =
p
¨V
(70)
The total expansion is so small that wemay approximate the total volume acceleration as A¨x , where
A is the surface area at some layer and x is the radial displacement. The pressure p is given by force
per area m  ¨x=A. Thus,
L =
p
¨V
=
m  ¨x=A
A ¨x =
m
A2
(71)
which gives the unit of L in our model as kg=m4.
Since the area A varies in response to a pressure change, an approximation is the surface area at the
average distance between the shells boundaries. The mass m is calculated from knowledge of the geo-
metry and density of piezoceramic. [FERROPERM, 2011] The volume of the shell Vs is calculated from
subtraction between volume from outer radius and inner radius:
Vs = Vo   Vi = 43r
3  4
3
(r   d)3 (72)
where r is the outer radius of the sphere and d is the thickness of the shell. Then m is calculated:
m = Vs pz29 = 0.5974cm3 7.4500g=cm3 (73)
= 0.0045kg (74)
And then the area is calculated
rmean =
r + (r   d)
2
(75)
A = 4   r2mean = 0.0012m2 (76)
and finally the self-inductance L
L =
m
A2
=
0.0045kg
(0.0012m2)2
(77)
= 3.1189  103 kg
m4
(78)
Stiffness Sl iq
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So far, we are able to calculate Cl iq, but there is a better quantity than Cl iq to describe the property of
the liquid, which is the stiffness Sl iq and we know the relation between them is Sl iq = 1Cl iq . Therefore,
Sl iq =
1
Cl iq
= L!20

1
F
  1  i !
!0
1
Q
+ (
!
!0
)2

(79)
Compressibility S
A general way to calculate the stiffness Sl iq of a spherical isotropic viscoelastic liquid is:
Sl iq(!) =
1
V

KS  MS

1+
1
3
(kl r)2sin(kl r)
kl rcos(kl r)  sin(kl r)

(80)
where KS andG are the frequency dependent bulkmodulus and shearmodulus receptively, the volume
V = 4
3
r3, the longitudinalmodulusMS = KS+43G, and the longitudinalwave vector kl =!
q
l
MS
.[T. Christensen,
1994]
In the low frequency region,!! 0, then x = kl r ! 0, we can do the following approximation:
lim
x!0
x2sinx
xcosx   sinx = limx!0
2xsinx + x2cosx
cosx   xsinx   cosx (81)
= lim
x!0
2sinx + xcosx
 sinx (82)
= lim
x!0
2cosx + cosx   xsinx
 cosx (83)
=  3 (84)
Therefore, Equation 80 becomes
Sl iq(!) =
1
V
KS (85)
Right now we are able to calculate S from Equation 85 after we have got the values of Sl iq from Equa-
tion 79, as s =
1
Ks
.
s =
1
V  L!20

1
F
  1  i !
!0
1
Q
+ (
!
!0
)2
 1
(86)
where F = C f il l (!)=(Cemp(!)) Ccl=C f r
1 Ccl=C f r .
Liquid flow through the hole
At low frequencies, it’s more likely to have a flow of liquid through the hole. Thus it mainly affects
KS in the low frequency range. Instead of only modelling a capacitance of the liquid, we need to add
a resistance parallel to the capacitor, corresponding to the flow through the hole (Figure 13), because
the volume flow comes from the liquid in the sphere and the liquid flowing through the hole.
Thus, the quantity Cl iq we have been talking about is actually representing the more precise liquid
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Figure 13: Model of the liquid as a capacitance and a resistor corresponding to the hole in
the PBG
capacitance Chliq and Rh, and they have the following relationship in admittance.
i!Cl iq = i!C
h
liq +
1
Rh
(87)
=) 1
i!Cl iq
=
1
i!Chliq + 1=Rh
(88)
=) 1
i!Cl iq
=
Rh
1+ i!RhChliq
(89)
Now define = RhChliq as characteristic time for the RC component, and Equation 89 is
1
i!Cl iq
=
Rh
1+ i!
(90)
=) 1
i!Cl iq
=
Rh
1+ (!)2
 (1  i!) (91)
Then if plot the real against imaginary component from the right side of Equation 91, we should see a
circle, because:
j Rh
1+ (!)2
 (1  i!)  1
2
Rh j2 (92)
=

Rh
1+ (!)2
  1
2
Rh
2
+

Rh
1+ (!)2
!
2
(93)
= (
1
2
Rh)
2 
¨
2
1+ (!)2
  1
2
+

2!
1+ (!)2
2«
(94)
= (
1
2
Rh)
2 

1  (!)22+ 4(!)2
1+ (!)2
2 (95)
= (
1
2
Rh)
2 (96)
which is the same as
j Rh
1+ (!)2
 (1  i!)  1
2
Rh j=j 12Rh j (97)
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Therefore, by observing from the plot we can determine the value of Rh, and then the quantity Chliq can
be isolated to replace Cl iq for calculating S . From Equation 89
Cl iq = C
h
liq +
1
i!Rh
(98)
=) Chliq = Cl iq  
1
i!Rh
(99)
Above all, the modified compressibility hS should be calculated as:
hs =
1
V  Sl iq =
1
V
 Chliq (100)
=
1
V
 (Cl iq   1i!Rh ) (101)
=
1
V

¨
Cm 

1
F
  1  i !
!0
1
Q
+ (
!
!0
)2
 1
  1
i!Rh
«
(102)
where F = C f il l (!)=(Cemp(!)) Ccl=C f r
1 Ccl=C f r .
5.2.1 formula for S
The pressure coefficient can either be fitted to the data of the temperature response to the induced
voltage, or calculated directly by isolating s in the voltage response Equation 51 and inserting the
temperature response data and remaining parameters.
The equation in subsection 4.3.4 is
Upz
T
=
S
Tpz
(1+
Vl iqS
Cm
)  (1+ i!C0Zth)() S = TpzUpz
T (1+
Vl iqS
Cm
)  (1+ i!C0Zth)
(103)
The parameters needed to calculate S fall into the following categories:
• Parameters that can be referred from other articles: Vl iq, C0, and Zth;
• Parameters that we can get in subsection 5.1: Tpz , S , and Cm;
• Quantities that we control or can measure directly: Upz ;
• Quantities that can be measured: T .
5.2.2 expected results, results at limits
We can make an estimation of the pressure coefficient. Because at very high frequency the liquid is
acting like solid, since from the Maxwell Relation S can be understood differently.
1
S
= (
V
S
)P (104)
At certain pressure, the solid state (high frequency) should have less volume increase than the liquid
state (low frequency) when some heat is put into the system, so in a plot that shows S against fre-
quency, S should have a tendency to increase with increasing frequency.
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6 Experiment, simulation of results, and data analysis
In this chapter we will go through the experiments and data for finding KS and S . The experimental
set-up for each of the experiments will be described, and plottings of the raw data and calculations of
data in detailed steps will be presented and described.
6.1 Finding KS
KS is not difficult to calculate based on the analysis from chapter 5, since it does not involve terms
from the thermal energy bond. We need to measure the capacitance of PBG shell twice, without liquid
filled and with liquid filled. From the capacitance measurement of empty PBG, we get the reference
parameters. Then measure the capacitance of PBG when liquid is filled inside. At last combine data
from two measurement and calculate KS . The Matlab files that make the fit can be found in Appendix
10.1 and calculations of KS can be found in Appendix 10.2.
6.1.1 Experiment set up - KS
Figure 14 is the electrical circuit for the capacitancemeasurement. The capacitance of PBG ismeasured
in a standard way, putting the unknown component (PBG shell) in series with a component whose
impedance is known. (The thermistor is still inside the PBG, but in this experiment it is not used for
measuring anything and therefore we leave it out of the circuit. )
Figure 14: Electric circuit for measuring capacitance of PBG. The voltage U across the
whole the empty PBG and the RC component and the voltage V across the RC
component are measured, and the capacitance of empty PBG is calculated by
some in-build Matlab program.
We apply an alternating voltage to the sphere and a multimeter measures the voltage across the RC
component. With the impedance of the RC component at hand, the impedance of the PBG shell can be
calculated. The relationship between impedance and capacitance of the capacitor tells us howmuch is
the capacitance of PBG shell at each frequency.
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6.1.2 Raw data
Figure 15: Plot of the real part of measured capacitance of PBG as a function of the
log10( f ) , where f is the frequency where the measurement is made, and it
is evenly placed in a logarithmic scale. The dotted data correspond to the empty
transducer and the solid line is the liquid filled transducer.
Figure 15 and Figure 16 respectively plots of the real part and the imaginary part of the measured ca-
pacitance against frequency in logarithm scale. The dotted data shows the data from the empty trans-
ducer (the referencemeasurement), while the solid lines correspond to the liquid filled transducer. The
different colours each represent a different temperature at which measurements have been taken.
In the plot of the real part, Figure 15, we see that at low frequencies the data from the liquid filled
transducer follows the reference data, because the liquid is able tomove freely through the hole where
we fill the liquid. As the frequency increases the liquid will not be able to move freely any more and
then the capacitance changes significantly. This is seen as a drop in the capacitance in the graph. The
drop occurs at lower frequencies as the temperature decreases, where the liquid is more viscous. This
is seen as a high peak in the plot of the imaginary part for themeasurement with the liquid (Figure 16).
In the area where the liquid hole is closed, seen as a depression in the real part, there is also a change
in the slope. This is because of the glass transition and is seen more clearly as a peak in the imaginary
plot, Figure 17.
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Figure 16: Plot of the imaginary part of measured capacitance of PBG as a function of
log10( f ), where f is the frequency where the measurement is made. The dot-
ted data correspond to the empty transducer and the solid line is the liquid
filled transducer. The peaks at different temperatures can be assigned to the
flow through the liquid hole
Figure 17: An enhancement of the plot of the imaginary part of measured capacitance of
PBG as a function of log10( f ). The lower peaks correspond to the loss peak fre-
quencies.
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6.1.3 Fit parameters in the linear plot
As explained in section 5.1we need to fix some parameters before putting in the formula for calculation
ofKS . To get a good fitwewant to use the linear spaced data, since the data dots aremore densely placed
near the resonance frequency than they are in Figure 15.
The parameter values for each temperature can be estimated from Figure 18. When there is a free flow
of liquid C f r is read as the value of the capacitance before the resonance frequency ( f0)near f = 1kHz.
Ccl is read as the value of the capacitance just after the resonance frequency. The values for C f r , Ccl
are shown in table 1.
Table 1: The values of C f r and Ccl determined from the PBG capacitance measurement
Temperature(Kelvin) Capacitance C f r (F) Capacitance Ccl (F)
287 4.65*10 8 2.9*10 8
277 4.49*10 8 2.75*10 8
267 4.31*10 8 2.65*10 8
264 4.25*10 8 2.62*10 8
261 4.2*10 8 2.58*10 8
258 4.15*10 8 2.55*10 8
255 4.09*10 8 2.52*10 8
252 4.03*10 8 2.48*10 8
We have made fitting program in Matlab to fit the theoretical function to our data, and the theoretical
function is the Equation 61 derived in section 5.1:
Cemp = Ccl +
C f r   Ccl
1+ i !
!0
1
Q
  ( !
!0
)2
We run the program to fit the curve to our data and we see the fittings in Figure 18.
From the fitting programwe get the resonance frequencies f0 and the quality factorQ at each temper-
ature. Their values are shown in Table 2.
Table 2: The values of the resonance frequency !0 and the quality factor Q gotten from
the fitting program.
Temperature(Kelvin) resonance frequency f0 (Hz) quality factorQ
287 8.3254*104 40.116
277 8.3423*104 38.705
267 8.3621*104 39.845
264 8.3682*104 40.046
261 8.3750*104 40.270
258 8.3828*104 40.586
255 8.3913*104 40.356
252 8.4000*104 40.708
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Figure 18: The real part of the measured capacitance of PBG plotted as a function of the
linear logarithmic frequency. The dotted data corresponds to the empty trans-
ducer. The lines are the fittings for each temperature.
6.1.4 Plot of KS
The compressibility S tells the ratio between volume change and applied pressure change for the
liquid. Thus when the liquid can flow freely in and out of the hole, the compressibility, that is liquid’s
susceptibility to compression, will be close to infinity, and that is a trivial result. Therefore, we want
to use the part where the liquid is really compressed, which is only a part of Figure 15, where the low
limit frequency is indicated for each temperature. The right limit is given just before the resonance
frequency. .
In Figure 19 the left limits to look at the bulk modulus result are estimated, from low to high temper-
ature:
1 log(f) = [ 1.7  1.5  1.3  0.1  0.5 0.7 2.5 3.6]
and right limit are the same for different temperatures:
log(f) = [4.4]
The following figures are plots of the bulkmodulus Ks as a function of the frequency in logarithm scale.
Figure 20 plots the real part of the bulkmodulus Ks against frequency, and Figure 21 plots the imaginary
part of the bulk modulus Ks against frequency.
The bulk modulus Ks has two values that are almost constant, corresponding to the viscous and elastic
constant (see Figure 24 ). In between these two values there is a frequency dependant change of Ks
corresponding to the glass transition,which is seen as a small peak in the imaginary plot, Figure 21. This
change corresponds to the loss peak frequencies which are inversely proportional to the relaxation
time . The values are presented for each temperature in Table 3.
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Figure 19: A plot of the real part of measured capacitance of PBG as a function of the fre-
quency (Figure 15). The lines are data from the liquid filled transducer. The
crosses show where the data for KS will be cut off.
Figure 20: Plot of the real part of bulk modulus Ks of PBG against the frequency.
6.1.5 Liquid flow through the hole, (Rh)
In order to calculate a more precise value of the bulk modulus KS , the values of Rh at each temperature
are needed. We can use the method described in section 5.2 to obtain Rh. Figure 22 shows an example,
where it plots the imaginary against the real part of Z = 1
i!Cl iq
at 267K . The value of Rh is given by
multiplying the radius of the half circle by 2. The procedure has been repeated for data obtained at all
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Figure 21: The imaginary part of bulk modulus Ks of PBG plotted against the frequency.
The loss peak frequencies are indicated
Table 3: Loss peak frequencies
Temperature(Kelvin) loss peak frequency log( fl=Hz)
267 3.21
264 2.58
261 1.92
258 1.17
255 0.44
252 -0.48
temperatures.
Table 4: Values of resistance of flow through liquid hole
Temperature(Kelvin) Resistance Rh (Pa  s=m3)
287 8.770*1010
277 9.776*1011
267 7.794*1013
264 3.730*1014
261 2.140*1015
258 1.183*1016
255 4.969*1016
252 2.577*1017
The first 6 values in table 4 are possible to determinewith the describedmethod. At temperatures close
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Figure 22: Plot of imaginary against real part of the impedance Z = 1
i!Cl iq
at 267K . The
arrow points at the value of 1
2
 Rh .
to the glass transition the liquid becomes so viscous that there will not be a flow through the hole in a
reasonable time frame. At higher temperatures the flow velocity might be so high that Poiseuille flow
cannot be approximated. This is seen as the half circle being quite obstructed at the graphs for 258K
and 287K respectively. The last two values were obtained by extrapolation of data.
Since / exp(A=T ) , where A is an activation energy, assumes proportionality between viscosity and
resistance to flow through liquid hole, a plot of ln(Rh) against 1=T will give a straight line (see Figure
23). We fit it in Matlab and get the following relationship between ln(Rh) and 1=T .
ln(Rh) = 3.526  104  1=T   99.83 (105)
Figure 23: Plot of ln(Rh) against 1=T which gives a linear dependence between the two
values.
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Figure 24 shows the modified plot of KS against frequency, after putting in flowing through the liquid
hole effect into the electrical model, at the same time the cut of data is made here according to the
frequency range that has been decided.
Figure 24: Plot of the real part of bulk modulus KS of liquid against the frequency. The plot
shows the range where the approximation KS = V  Sliq is valid.
Our method to calculate KS is taken from [Hecksher, 2011], but the experiments are done individually,
and in the end we would like to show her plot of KS , as in Figure 25. It is nice that we get similar plots.
Figure 25: Plot of KS of liquid against the frequency.[Hecksher, 2011]
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6.1.6 Simulation of results
The expected temperature response can be simulated by using a typical value fors from typical values
of the expansion coefficient and specific heat [T. Christensen, 2011]. Most parameters in the temper-
ature response equation are from our own data, while Zth and C0 are referred from other articles.
To test the significance of Rh, plots are made of the setup both with and without the resistance term.
In the plot without the resistance term from figure 27 the temperature change starts to rise slightly
before the plot with the total contribution of J. So the resistance termmakes the temperature response
go to 0 at slightly higher frequencies. One might think the change is negligible. For the plot of s this
effect should be removed, by having the term in the creep function J , in the equation of its frequency
dependence. For cryostate temperatures 258 K - 287 K the temperature response goes to 0 when! !
0. This is due to the free flow through liquid hole. For cryostate temperatures 277 K and 287 K, it’s
only at high frequencies that the thermistor register a temperature rise. All together it seems that
temperature and frequency dependant viscosity affects the curves much more than the resistance of
flow through hole.
Figure 26: Simulated plot of the temperature response to an induced voltage of 10V . The
creep function J = C 0l iq+1=(i!Rh) is unchanged in the equation of the temper-ature response.
Figure 27: Simulated plot of the temperature response to an induced voltage of 10V . Rh
term has been subtracted from the creep function J = C 0l iq + 1=(i!Rh) .
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6.2 S
In this sectionwewill show ourway to find the values of the pressure coefficientS , and theMatlab file
that does the calculation can be found in Appendix 10.4. The calculation of S is based on one equation
we have found in Section 5.2.1:
S =
TpzUpz
T (1+
Vl iqS
Cm
)  (1+ i!C0Zth)
(106)
Some of the parameters we can get from [T. Christensen, 2011] and [Bo Jakobsen, 2010]. These para-
meters and their values are listed in Table 5.
Table 5: To calculatedS , some of the parameters are taken from [T. Christensen, 2011] and
[Bo Jakobsen, 2010].
r = 2  10 4m,= 0.13759W=K m and cl = 1.7597  106J=K m3
Parameters meaning Values/expressions
Vl iq Volume of the liquid 4=3(9.5  10 3)3 m3
C0 Heat capacitance of thermistor 5.5  10 5 J=K
Zth Thermal impedance
1
4r  (1+pi!r2  cl= K=W
Upz Maximum input voltage 5
p
2 Vol t
How we find the rest of the parameters T , Tpz ,S and Cm, will be described in the following sections.
6.2.1 Experiment set up
T is measured indirectly, and a drawing of the electrical circuit for the experiment is given in Figure
28. To find T we set up an experiment to measure the resistance of the thermistor Rth, using the
standardmethod, by connecting the thermistor in series with a pre-resistor Rpre = 16k
 and a voltage
source which gives a constant voltage of U = 1Vol t . In addition, a voltmeter is connected to both ends
of the thermistor, measuring the voltage V . At the same time we apply the same alternating voltage to
the PBG as before.
6.2.2 Relationship between Measured voltage V and temperature deviation T
The relation between measured voltage V and temperature deviation T is derived in two steps.
First, find the relationship between temperature and resistance of the thermistor, by doing an exper-
iment that only measures for those two quantities of the thermistor, and find the formula R(T ) how
the calculate one from the other;
Second, write the equation that involves voltage across the thermistor V and its resistance Rth, so as to
connect the measured voltage signal with T . The plan to get relationship between Measured voltage
V and temperature deviation T is summarized in Figure 29.
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Figure 28: Electric circuit for measuring the temperature change T .
Figure 29: Strategy of getting the temperature change from voltage change.
First step: resistance and temperature relation
Normally the equation about resistance and temperature should look like:
R= R1  exp(TT ) (107)
Therefore we can get the linear relation if take lnR and 1=T as variables:
lnR= lnR1+
T
T
(108)
The constants R1 and T for our thermistor need to be fixed from the measurement of its resistances
at different temperatures. To test whether the self-heating affect our results significantly, we conduct
two similar experiments, simply putting themultimeter at different ranges, when themultimeter gen-
erates different currents running through the thermistor, 5A and 50A respectively. Comparing res-
ults between the two experiment will tell us how much the effect is from self heating approximately.
The electrical circuit is shown in Figure 30, and the results from measurements are in Table 6.
However, it is known to us that the resistance values is accurate, but the temperatures in Table 6 are ac-
tually showing temperature of the cryostat, while the temperature of the thermistor should be slightly
higher because of the self-heating effect. Thus, a calibration for the temperature is conducted to es-
timate the temperature of the thermistor. In the experiment the thermistor stays in the empty PBG,
so the thermal conductivity of air  is needs to be taken into account. The relation between thermal
current density jh, thermal conductivity  and temperature gradient5T can be considered as in the
following equation:
jh = 5 T (109)
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Figure 30: Electric circuit formeasuring the relation between the temperature and the res-
istance. T1 is the temperature in the cryostat and T2 is the temperature at the
thermistor.
Table 6: Data got frommeasurement and calculation for the resister, when the multimeter
has current source 5A and 50A.
Temperature(Kelvin) Resistance (
) at 5A range Resistance (
) at 50A range
300 1581 1563
290 2188 2168
280 3101 3073
270 4503 4459
260 6707 6624
250 10260 10095
240 16334 15805
230 26762 25390
220 45554 41645
210 81000 69200
Although jh is not constant along the radius, we can imagine it is constant for a thin layer at radius r
and current density at that layer is jh = P4r2 where P is the heat power, so we get:
T =  P
4r2
(110)
If we integrate this equation on both sides we get:
T2  T1 = P4(
1
r1
  1
r2
) (111)
At radius r2 (the edge of the PBG sphere) the temperature is the cryostat temperatureT1, and at ra-
dius r1 (the edge of the thermistor) the temperature is T2. We are controlling the temperature of the
cryostat T1, so the temperature of the thermistor T2 can be estimated as:
T2 = T1+
P
4
(
1
r1
  1
r2
) (112)
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Figure 31 shows the plots of ln(R) against 1=T from the two experiments, where the values of the dots
are resistances from the measurements and temperature from estimation. Two straight lines fit to the
data are drawn. Then we can get the two constants R1 and T from the lines.
Figure 31: Plots showing the data from the twomeasurementswith current of5A inmeas-
urement 1 and current of 50A in measurement 2. The graphs plot the logar-
ithmic resistance against 1=T . The dots represent the data and the line is the
linear fitting.
The resistances in the twomeasurements are not very different, but the resistance in themeasurement
with the higher current of 50A, is higher which shows that the temperature is higher due to the self
heating. Therefore the measurement with the current 5A is more accurate.
This measurement gives:
R1 = 0.0948
 (113)
T = 2910Kelvin (114)
Thereby we get the equation that describes the resistance and temperature for the thermistor:
R= 0.0948  e2910=T (115)
Resistance and voltage relation
Since we have conducted the experiment for finding the relationship between resistance and temper-
ature for our thermistor, we can get the temperature of the liquid indirectly by knowing the resistance.
Now we only need to know the relation between the measured voltage signal and the resistance of the
thermistor. In our specific circuit, the voltage V of the thermistor is measured in a way that tells us
the voltage fluctuation amplitude at some frequencies as well as the mean voltage. Since the variation
of thermistor temperature has the same frequency f as the applied alternating voltage, we only need
the voltage amplitude that lies in that frequency.
In order to use the voltage fluctuation, we need to express the measured voltage V in such a way, that
it has a mean voltage term and the fluctuation term.
From Figure 28, we can write the following equations from Kirchoff’s Law:
V = Rth  I (116)
I =
U
Rpre + Rth
(117)
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Therefore,
V = Rth
U
Rpre + Rth
(118)
which gives the relationship between resistance of the thermistor Rth and its voltage V . Since temper-
ature T of the thermistor differs slightly around the temperature of the cryostat Tcr yo, we can apply
first order Taylor approximation for calculating Rth:
Rth = R1  (1+ 4T ) (119)
where =  Ta
T2cr yo
depends on the temperature of the cryostat, and4T = T   Tcr yo.
Insert the Taylor expansion of Rth in Equation 119 into Equation 118:
V =
U  Rth
Rpre + Rth
(120)
 U  R1  (1+ 4T )
Rpre + R1  (1+ 4T ) (121)
=
U  R1
Rpre + R1
 1+ 4T
1+ R1
Rpre+R1
 4T (122)
Since4T ! 0, we can apply certain approximation and get:
V  U  R1
Rpre + R1
 (1+ 4T   R1
Rpre + R1
 4T ) (123)
=
U  R1
Rpre + R1
 (1+ Rpre
Rpre + R1
 4T ) (124)
=
U  R1
Rpre + R1
+
U  R1  Rpre
(Rpre + R1)2
 4T ) (125)
(126)
Therefore, we can express V by addition of a mean term and a fluctuation term, and the fluctuation
term should be given as the first Fourier coefficient from measurement of V , which is,
V1st =
U  R1  Rpre
(Rpre + R1)2
 4T (127)
Then4T can be solved from the above equation:
4T = V1st  (Rpre + R1)
2
U  R1  Rpre  (128)
At the right hand in the4T equation, all the terms are known to us, so we are able to calculate4T .
Figure 32 and 33 gives the plot of real and imaginary part of4T against log( f ). In Figure 32 we see the
graphs to a great extent follow the simulated plots of T . The temperatures at 252 K and 255 K both
show a temperature response at low frequencies, this is because the liquid is too viscous even at low
frequencies at these cryostat temperatures. We hardly see any temperature response from 287K and
277 K at lower frequencies, which is also expected. All curves begin to follow the same slope from 1 Hz,
which the simulation also shows. We do not see the distinctive rise of the curve for 252 K at 1Hz. The
data approximately show temperature rise a factor 10 larger than the simulation.
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Figure 32: Plotting the real part of the temperature response4T against log( f ).
Figure 33: Plotting the imaginary part of the temperature response4T against log( f ).
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6.2.3 Calculation of Vl iq  KS=Cm in whole
Because KS and Cm appear in the equation to calculate S as a ratio, we do not need to calculate them
each, and a way has been found out how to calculate Vl iq  KS=Cm together.
As we know,
Cl iq = (VP )S = Vl iq S (129)
Therefore,
Vl iq  S
Cm
=
Cl iq
Cm
(130)
Luckily we have already calculated Cl iq
Cm
in section 5
C f il l = Ccl +
C f r   Ccl
1+ i !
!0
1
Q
  ( !
!0
)2+ Cm
Cl iq
(131)
Isolate the part Cl iq
Cm
, then that equation becomes:
Cl iq
Cm
=

C f r   Ccl
C f il l   Ccl   1  i
!
!0
1
Q
+ (
!
!0
)2
 1
(132)
which can be easily calculated based on the previous work.
6.2.4 Calculation of Tpz
Tpz can be found from the fitting parameters:
Tpz =
È
C f r   Ccl
Cm
(133)
Cm =
1
!20  L
(134)
Therefore,
Tpz =!0 
p
(C f r   Ccl)  L (135)
6.2.5 Calculation and plot of S
Until now we have prepared all the terms ready to be able to calculate S , Figure 34 and 35 plot the
real and imaginary part of pressure coefficient S of the liquid against log( f ).
The plots for S has a lot of noise, but if we plot 1=S against log( f ), it gives a better view. 1=S =
(T
P
)S(!), is a natural way to think of the physical situation.
Figure 36 and 37 plot the real and imaginary part of pressure coefficient 1=S of the liquid against
log( f ).
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Figure 34: Plotting the real part of pressure coefficient S of the liquid against log( f ).
Figure 35: Plotting the imaginary part of pressure coefficient S of the liquid against
log( f ).
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Figure 36: Plotting the real part of 1=S of the liquid against log( f ).
Figure 37: Plotting the imaginary part of 1=S of the liquid against log( f ).
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7 Discussion
The real part of the plot for the inverse pressure coefficient show relatively nice slopes for its fre-
quency dependence from 1   10Hz. The value of the pressure coefficient has an estimated value of
1.5  107Pa=K at 264K , which is quite in the range where we find the value for S in our data. This is
a good beginning, but as much as can be said of the pressure coefficient from our data.
There are two peaks of the imaginary part of the inverse pressure coefficient, for certain temperatures.
These peaks do not cohere with the estimated loss peak frequencies for the bulk modulus. For instance
at 267K we would have expected the two peaks to be at log( f ) = 3.21 for the loss peak frequency and
log( f ) = 0.4 for the decreasing flow through the hole. The peaks we see for the pressure coefficient at
267K are at 0.75 and  1 respectively. We should also expect an approximate distance between each
loss peak as log( fl2)  log( fl1) = 0.6  0.85. At the less noisy part of the curve, around 1  10Hz,
we see peaks with an approximate distance of log( f ) = 0.15. We are not able to explain whether this
is due to the pressure coefficient being dependant on some unknown property or due to the peaks
representing, some other change than the glass transition.
It is a problem in the plots of dT and 1=S that we see there is a divergence to zero in higher frequency
range. In the simulated temperature plot we see the same tendency. Confirmation of this development
has not been found in previous experiments. However, concurrent experiments, that are yet unpub-
lished, show the same tendency as we see in the inverse adiabatic pressure coefficient and temperature
increments. This suggests that it is not due to experimental anomalies or errors. What gives rise to this
tendency is yet uncertain and no elaborate physical condition that explains this phenomenon is con-
sidered. However, a number of conditions that could explain this development are considered here.
The divergence could also be an intrinsic property of the specific liquid/set up constellation. One could
also consider the VS term for the liquid in themodel. If consider the high frequency limit, one can see
the impedance of this term going to zero, which means one could imagine that it might short circuit.
Thus the energy transferred to the thermal part of ourmodel would gradually go to zero. This does not
describe the exponential-like growth that comes after in the experimental model. However, we do not
see any of this growth in the simulated temperature model, so this might be noise.
7.1 Adiabatic condition
Through out the report the response coefficients are analysed under adiabatic condition, which is an
ideal situation. In the real situation, the experiment condition is approximately ideal, because the char-
acteristic time for thermal diffusion is a lot longer than the period that the temperature of the ther-
mistor is varied.
The longest period in our experiment is 316s, so it is all right to say that we have approximately adia-
batic condition.
The temperature variation we have considered about comes from the elastic volume oscillation, and
the temperature rise results from the damping effect is neglected, because it cause much less temper-
ature variation. From the first law of thermodynamics4U =W +Q, in the adiabatic process, the heat
flow into the system isQ = 0. In addition the work done on the liquid isW = P  dV , where P is the
pressure on the liquid and dV is its volume change. Thus,
4U = P  dV =) 4˙U = P  V˙ (136)
Now consider the damping effect with constant  models the dumping effect from the mechanical
movement. Analogous to a resistor, the heat generated with a resistance R is R  I2, accordingly the
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heat power q˙ generated through  is
q˙ =   V˙ 2 (137)
Because the volume flow is very small, then 4˙U  q˙. Therefore, we have not included  in our model.
The thermal diffusivity D for the liquid is:
D =

CP
(138)
here  is heat conductivity, CP is heat capacitance per volume. Typically D = 0.1(mm2=s)
The radius of the liquid is about r = 10mm, so the characteristic time is
D =
r2
D
= 104(s) (139)
which ismuch longer than the cycle period that the applied voltage/temperature is varying. Therefore,
we can consider the experiment is under adiabatic condition.
7.2 Experimental errors
A number of components could be added to our model in order to make a more exact depiction of
the physical situation in our experiment. One such could be that representing the glass coating that
encapsulates the thermistor. This component is described in [Bo Jakobsen, 2010]. Still, adding more
components might also make the formula a lot more complicated and require more information of
experiments.
When an experiment is performed there is always some different sources of errors and uncertainties
that should be taken into account, when the data and the results are evaluated. In this part we still try
to describe and take all of our errors and uncertainties into account.
The fitting done for themeasured capacitance at the linear increasing logarithmic frequency, Figure 18,
are not perfect. The fitting lines does not follow themeasured data vary near the resonance frequency,
which would have been more convenient than the fit we see, where the fitting curves are better at
lower frequencies. The fitting curves are not bad, but they give us a small source of error.
The self induction L is calculated by taking the size of the sphere and multiplying it with the density
of the piezoelectric material, which gives us a source of error, because the weight of the layers of elec-
trodes is not included. Therefore the self inductance is a bit low. To get a more correct value of L, we
should have weight it ourselves to get the exact weight of our sphere including the electrodes, and do
several experiments to fit the L value.
In the experiment performed to find the relation between the resistance and the temperature in the
thermistor, we see that when a higher current is running through the thermistor the selfheating is
higher. Therefore we use the results from the experiment with the lower current of 5A, to minimise
the error the selfheating induce. But even though the selfheatingmight be very low, it is still there and
thus must be accounted as a source of error.
The thermistor can be modelled further, instead of the capacitor C0 in our general model, because the
thermistor consists of a heat generator and glass capsule. The way to model that thermistor is given
in the article [Bo Jakobsen, 2010]. With the more detailed model we may count the self heating effect
more accurately.
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8 Conclusion
Based on the analogue electrical diagram for the thermal and mechanical system, we have derived the
way to calculate the temperature response to a pressure change (T
P
)S of the liquid. Several experi-
ments have been conducted to derive the terms that are needed in the calculation of that coefficient.
These include experiments for finding the resistance, temperature relationship, experiments to get
pressure coefficient of the liquid, and experiments to find the temperature variation of the liquid. We
have managed to obtain a reasonable result of the frequency dependant pressure coefficient S , as its
magnitude approximates a characteristic value from other articles.
A strange feature in some of our temperature related plots, which are temperature deviation against
frequency and reciprocal of pressure coefficient (T
P
)S against frequency, is that the plots from diffe-
rent temperatures tend to converge to the same point at a frequency a bit above 10Hz, whichmight be
due to the modelling of the thermistor. Considering further progress on this topic, calibration of the
thermistor may be the next thing to consider.
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10 Appendix-matlab
10.1 fit PBG parameters
Wehavemade our ownMatlab files to get the fitting parameters. There are four files in total, one script
and three functions.
%import data from the measurement
load('Bulk_TJAWS_5PPE '); %data measued when there is liquid inside the PBG sphere
v=result;
4 load('Ref_TJAWS_5PPE '); %data measued when there is no liquid inside the PBG sphere
ve=result;
%plot the raw data
%figure;plot(log10(ve.frlin (:,:,1)), real(ve.Clin (:,:,1)),'.');
%hold on;plot(log10(v.frlin (:,:,1)), real(v.Clin (:,:,1)),' ')
9
%give some initial values and guess , where W0 and Q0 are the ones we want to fit later
W0 =[8.3254*10^4 8.3253*10^4 8.3249*10^4 8.3248*10^4 8.3247*10^4 8.3261*10^4
8.3245*10^4 8.3244*10^4]; %W0 are the numbers that has been fit once
Q0 =[39.87 40.173 42.509 43.432 43.745 35.976 45.361 46.031];
14 %Wo , Q0 are the numbers that has been fit once
Cf0=[4.592*10^ 8 4.428*10^ 8 4.25*10^ 8 4.2*10^ 8 4.15*10^ 8 4.09*10^ 8 4.04*10^ 8 3.986*10^ 8];
Cl0=[2.85*10^ 8 2.75*10^ 8 2.63*10^ 8 2.6*10^ 8 2.57*10^ 8 2.53*10^ 8 2.49*10^ 8 2.46*10^ 8];
%fit within each temperature
19 for m=1:8
W=conj(ve.frlin(:,m,1))';
% make the dimension agrees , frlin is the linear frequency.
%frlin(:,m,i) means take all the frequencies , at m temperature and 1st measurement
Cdata=conj(ve.Clin(:,m,1))';
24 Cliq=conj(v.Clin(:,m,1))';
Cf=Cf0(1,m);
Cl=Cl0(1,m);
p0=[W0(1,m),Q0(1,m)];
29 p=fit_Cteo(p0 ,W,Cf ,Cl ,Cdata );
Ctheory=Cteo(p,W,Cf ,Cl);
plot(log10(W),real(Ctheory),'g ') ;hold on;
34 a(m)=p(1);
b(m)=p(2);
end
% C = Cteo(p,W); p=[w,Q,Cf ,Cl] er resonansfrekvens og godhed. f er frekvenserne
function Ctheory = Cteo(p,W,Cf ,Cl)
3 w0= p(1);
Q= p(2);
%calculate the measured capacitance of PBG sphere theoretically
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I=ones (1 ,1000);
8 D=I (W/w0 ).^2+i*((W/w0).*(I./Q));
Ctheory=Cl*I+(Cf Cl)*I./D;
1 function V = Cteo_Var(p,W,Cf ,Cl ,Cdata );
Ctheory = Cteo(p,W,Cf ,Cl);
V = (Ctheory Cdata )*( Ctheory Cdata)';
function p=fit_Cteo(p0 ,W,Cf ,Cl ,Cdata)
2
options = optimset('display ','iter');
p = fminsearch('Var',p0 ,options ,W,Cf ,Cl ,Cdata );
10.2 calculating compressibility
calculating S
1 load('Bulk_TJAWS_5PPE ');
v=result;
load('Ref_TJAWS_5PPE ');
ve=result;
% figure;
6 % hold on;
% plot(log10(v.frlin (:,1,1)), real(ve.Clin (:,:,1)),'.');hold on;
% xlabel('log10(frequency) (Hz)')
% ylabel('real capacitance of PBG (F) without liquid (data and theory curve)')
% hold on;
11
f0 =[8.3254*10^4 8.3423*10^4 8.3621*10^4 8.3682*10^4 8.3750*10^4 8.3828*10^4
8.3913*10^4 8.4000*10^4];
Q0=[ 40.116 38.705 39.845 40.046 40.270 40.586 40.356 40.708];
Cf0=[4.65*10^ 8 4.49*10^ 8 4.31*10^ 8 4.25*10^ 8 4.2*10^ 8 4.15*10^ 8 4.09*10^ 8 4.03*10^ 8];
16 Cl0=[2.9*10^ 8 2.75*10^ 8 2.65*10^ 8 2.62*10^ 8 2.58*10^ 8 2.55*10^ 8 2.52*10^ 8 2.48*10^ 8];
fb =[3.6 2.7 0.875 0.35  0.43  1.1  1.5  1.5]; %lower boundary of log10 frequency ,
%determined visually
fig1=figure;
21 fig2=figure;
fig3=figure;
fig4=figure;
for m=1:8
f=conj(ve.fr(:,m,1))';
26 Cdata=conj(ve.C(:,m,1))';
Cliq=conj(v.C(:,m,1))';
Cf=Cf0(1,m);
Cl=Cl0(1,m);
31 L=3.1189*10^3;
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I=ones (1 ,113);
y = 1   Cl/Cf;
x = Cliq./Cdata Cl/Cf*I;
36 SliqAA = y*I./x;
SliqBB =  I i*(f./f0(1,m)).*(1/ Q0(1,m))+(f./f0(1,m)).^2;
Sliq = (L*(2*pi*f0(1,m)^2)).*( SliqAA+SliqBB );
Vliq =(4/3)* pi*(9*10^ 3)^3;
41 KS=Vliq*Sliq;
hold on;
46
figure(fig1);hold on;
plot(log10(f),real(KS),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('real bulk modulus of liquid Ks (Pa)')
51 figure(fig2);
plot(log10(f),imag(KS),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('imag bulk modulus of liquid Ks (Pa)')
56 figure(fig3);hold on;
plot(log10(f),real (1./KS),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('real pressure coefficient of liquid ks (1/Pa)')
figure(fig4);
61 plot(log10(f),imag (1./KS),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('imag pressure coefficient of liquid ks (1/Pa)')
%get Cliq/Cm:
66 prewhole =(Cf Cl)./(Cliq Cl*I) I i*(f./f0(1,m)).*(1/ Q0(1,m))+(f./f0(1,m)).^2;
wholea =1./ prewhole;
Mat(m ,1:72)= wholea (1 ,1:72);
71 end
whole=Mat; % whole will be used in calculating $ \beta_{S} $
calculating hS
load('Bulk_TJAWS_5PPE ');
v=result;
load('Ref_TJAWS_5PPE ');
5 ve=result;
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f0 =[8.3254*10^4 8.3423*10^4 8.3621*10^4 8.3682*10^4 8.3750*10^4 8.3828*10^4
8.3913*10^4 8.4000*10^4];
Q0=[ 40.116 38.705 39.845 40.046 40.270 40.586 40.356 40.708];
Cf0=[4.65*10^ 8 4.49*10^ 8 4.31*10^ 8 4.25*10^ 8 4.2*10^ 8 4.15*10^ 8 4.09*10^ 8 4.03*10^ 8];
10 Cl0=[2.9*10^ 8 2.75*10^ 8 2.65*10^ 8 2.62*10^ 8 2.58*10^ 8 2.55*10^ 8 2.52*10^ 8 2.48*10^ 8];
fb =[3.6 2.7 0.875 0.35  0.43  1.1  1.5  1.5]; %lower boundary of log10 frequency ,
%determined visually
fig1=figure;
15 fig2=figure;
for m=1:8
f=conj(ve.fr(:,m,1))';
Cdata=conj(ve.C(:,m,1))';
Cliq=conj(v.C(:,m,1))';
20
Cf=Cf0(1,m);
Cl=Cl0(1,m);
L=3.1189*10^3;
25 I=ones (1 ,113);
y = 1   Cl/Cf;
x = Cliq./Cdata Cl/Cf*I;
SliqAA = y*I./x;
SliqBB =  I i*(f./f0(1,m)).*(1/ Q0(1,m))+(f./f0(1,m)).^2;
30
Sliq = (L*(2*pi*f0(1,m)^2)).*( SliqAA+SliqBB );
Vliq =(4/3)* pi*(9*10^ 3)^3;
KS=Vliq*Sliq;
%plot( real(Sliq./W.*i), imag(Sliq./W.*i), '.'); figure
35
Rhole =[8.770*10^10 9.776*10^11 7.794*10^13 3.730*10^14 2.140*10^15 1.183*10^16
4.969*10^16 2.577*10^17];
%[3.4142*10^9 2.7881*10^11 3.1662*10^13 1.4043*10^14 6.9458*10^14 3.0653*10^15
40 %1.5122*10^16 7.7488*10^16];
nicekappa =1/ Vliq *(1./ Sliq 1./(i*f.* Rhole(1,m)));
45
figure(fig1);hold on;
plot(log10(f),real (1./ nicekappa),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('real bulk modulus (calibrated) of liquid Ks (Pa)')
50 figure(fig2);
plot(log10(f),imag (1./ nicekappa),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('imag bulk modulus (calibrated) of liquid Ks (Pa)')
55 end
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10.3 Simulation of temperature response
%run parameters first
U_dTeo:
load Bulk_TJAWS_5PPE
4 V=result
load Ref_TJAWS_5PPE
Ve=result
y = 1   (Ccl(n))/( Cfr(n))
s = (Ccl(n))/( Cfr(n))
9 F = s.*ones (113 ,1)
x = (V.C(:,n ,1))./( Ve.C(:,n,1))   F
T = [287 277 267 264 261 258 255 252]
SliqAA = y./x
14 f = (V.fr(:,1,1))
I=ones (113 ,1)
SliqBB =  I (i*(f./(f0(n))).*(1./(Q(n))).*I)+((f./(f0(n))).^2)
%The creep function
JoCm = 1./( SliqAA+SliqBB)
19 R = [8.770*10^10 9.776*10^11 7.794*10^13 3.730*10^14 2.140*10^15 1.183*10^16 4.969*10^16 2.577*10^17]
L = 3.1189*10^3
%The pure capacitance of the liquid
Cliqb = (1./((L*((f0(n))^2)).*( SliqAA+SliqBB )))
24
Cm = 1./(( f0(n)^2)*L)
Tpz = sqrt((Cfr(n) Ccl(n))/Cm)
Vl = (4*pi/3)*(9.5*10^ 3)^3
Bs = 1./(T(n)*2.5*10^ 10)
29 C0 = 5.5*10^ 5
y= 0.13759 %lambda , at 4.9 V
Cl= 1.7597*10^6 %at 4.9 V
r1=2*10^ 4
I=ones (113 ,1)
34 Zth = 1./((4* pi*y*r1).*(I+sqrt(i*((r1^2)*Cl/y).*f)))
Upz = 5*sqrt (2)
%remove the percent mark % for the one to plot
%dT = ((Tpz*Upz)/Bs )*1./((I+(JoCm )).*(I+(C0*Zth*i).*f))
39 dT = ((Tpz*Upz)/Bs )*1./((I+( Cliqb ./Cm )).*(I+(C0*Zth*i).*f));
hold on; plot(( log10(f)),real(dT),'r ')
end
10.4 calculating S
An example of the 20 Fourier constants at 252K
V =
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Columns 1 through 3
3 7.4699e 01 1.1144e 05 + 2.3130e 07i  6.6688e 07 + 2.0441e 07i
Columns 4 through 6
 1.8326e 08   2.6242e 07i 9.0819e 08 + 1.3843e 08i  8.3225e 08   5.7743e 07i
Columns 7 through 9
 3.5135e 08   2.1755e 07i 8.2801e 08 + 6.3706e 08i  1.2621e 08   4.5203e 08i
8 Columns 10 through 12
8.0332e 09   6.4485e 08i 8.5764e 08   2.7324e 07i 1.4639e 07   1.4882e 07i
Columns 13 through 15
 4.7985e 07 + 3.6860e 07i  1.5773e 07   7.2505e 08i  5.4978e 08   1.9976e 09i
Columns 16 through 18
13 1.2938e 07 + 1.7613e 07i  1.2956e 07 + 8.2842e 09i 2.1774e 08 + 3.0692e 08i
Columns 19 through 20
 1.1977e 07   7.1354e 08i  2.2797e 09   8.6921e 09i
Find the resistance and temperature relationship: R(t)
T=[300 290 280 270 260 250 240 230 220 210];
R1 =[1581 2188 3101 4503 6707 10260 16334 26762 45554 81000];
R2 =[1563 2168 3073 4459 6624 10095 15805 25390 41645 69200];
I1=50.*10.^( 6);
5 I2=5.*10.^( 6);
lamdaA =[0.026 0.025 0.025 0.024 0.023 0.022 0.021 0.021 0.020 0.019];
tA1 =((I1 .^2.* R1 )./(4* pi*lamdaA)).*(1/(0.2*10^( 3)) 1/(9*10^( 3)));
tA2 =((I2 .^2.* R2 )./(4* pi*lamdaA)).*(1/(0.2*10^( 3)) 1/(9*10^( 3)));
10
T1=T+tA1
T2=T+tA2
plot (1./T1 , log(R1),'.r')
15 xlabel('1/T1')
ylabel('log(R1)')
figure;
plot (1./T2 , log(R2),'.b')
xlabel('1/T2')
20 ylabel('log(R2)')
Calculate T
load('5PPE_TJAWS_4exp_190411.mat');
U=1;
Rpre =1.6*10^4;
5 I=ones (72 ,1);
R8 =0.0948;
Ta =2910;
R0=R8*exp(Ta./res.T);
10
alpha= Ta./res.T.^2;
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MatT=ones (8 ,72);
fig1=figure;
15 fig2=figure;
for m=1:8
% A=mean(res.v(1,1,m ,1));
% v0(m)=A;
% %a(m)=A;
20 % R=Rpre /(1/A 1);
% r(m)=R;
V1st=res.v(:,2,m,1);
deltaT= V1st .*( Rpre+R0(1,m))^2./(U*R0(1,m)*Rpre*alpha(1,m));
25 deltaTa=deltaT '
MatT(m ,1:72)= deltaTa (1 ,1:72);
figure(fig1);hold on;
plot(log10(res.fr(:,m,1)), real(deltaT),' '); hold on;
30 xlabel('log10(frequency) (Hz)')
ylabel('real dT of thermistor (K)')
figure(fig2);
plot(log10(res.fr(:,m,1)), imag(deltaT),' '); hold on;
xlabel('log10(frequency) (Hz)')
35 ylabel('imag dT of thermistor (K)')
end
dT=MatT;
Calculating S
%First run Cscript.m in exp 3(folder) and VT.m
2
load('5PPE_TJAWS_4exp_190411.mat');
f=res.fr(:,m,1)
R0 =1.6*10^4;
7 I=ones (72 ,1);
T0=res.T
Ttb =2910; Rtb =0.0948;
L=3.1189*10^3;
12 f0 =[8.3254*10^4 8.3423*10^4 8.3621*10^4 8.3682*10^4 8.3750*10^4 8.3828*10^4
8.3913*10^4 8.4000*10^4];
Q0=[ 40.116 38.705 39.845 40.046 40.270 40.586 40.356 40.708];
Cf0=[4.65*10^ 8 4.49*10^ 8 4.31*10^ 8 4.25*10^ 8 4.2*10^ 8 4.15*10^ 8 4.09*10^ 8 4.03*10^ 8];
Cl0=[2.9*10^ 8 2.75*10^ 8 2.65*10^ 8 2.62*10^ 8 2.58*10^ 8 2.55*10^ 8 2.52*10^ 8 2.48*10^ 8];
17 Tpz =2*pi*f0.*sqrt((Cf0 Cl0 ).*L);
Upz =5* sqrt (2);
C0=5.5*10^ 5;%
lamda =0.13759;
22 r1=2*10^ 4;
cl =1.7597*10^6;%
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Yth =4*pi*lamda*r1*(I+sqrt(i*2*pi*f*r1^2*cl/lamda )) ;
fig1=figure;
fig2=figure;
27 fig3=figure;
fig4=figure;
for m=1:8
down=dT(m ,:).*( ones (1 ,72)+ whole(m ,:)).*( ones (1 ,72)+i*2*pi*C0*f'./Yth');
32
bseachT=Tpz(1,m)*Upz./down;
figure(fig1);hold on;
plot(log10(f),real (1./ bseachT),' ');hold on;
xlabel('log10(frequency) (Hz)')
37 ylabel('real (dT/dP) of liquid (K/Pa)')
figure(fig2);
plot(log10(f),imag (1./ bseachT),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('imag (dT/dP) of liquid (K/Pa)')
42
figure(fig3);hold on;
plot(log10(f),real(bseachT),' ');hold on;
xlabel('log10(frequency) (Hz)')
47 ylabel('real pressure coefficient of liquid (Pa/K)')
figure(fig4);
plot(log10(f),imag(bseachT),' ');hold on;
xlabel('log10(frequency) (Hz)')
ylabel('imag pressure coefficient of liquid (Pa/K)')
52
end
xlabel('frequency [Hz]')
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